Recently the Wigner -Weyl formalism has been applied to the lattice models of solid state physics and to the lattice regularized quantum field theory. This allows to demonstrate that the electric current of intrinsic Anomalous Quantum Hall effect is expressed through the momentum space topological invariant composed of the Green functions both for the two -and the three -dimensional systems. Here we extend this consideration to the case of the Quantum Hall Effect existing in the presence of arbitrarily varying external magnetic field. The corresponding electric current appears to be proportional to the topological invariant in phase space composed of the Wigner transformed Green function that depends both on coordinates and momenta.
Introduction
Relation between topology and the Quantum Hall effect including the Anomalous Quantum Hall Effect (AQHE) follows the discovery of the so -called TKNN invariant [1, 2, 3] : the Hall conductivity appears to be proportional to the integral of Berry curvature over the occupied branches of spectrum. The corresponding three -dimensional constructions were discussed, for example, in [4, 5] . This formalism allows to calculate the Quantum Hall Effect (QHE) of electrons in the two -dimensional periodic potentials (or in the 2D lattice models) in the presence of constant magnetic field [6] . However, it does not give the transparent calculation method for the QHE of Bloch electrons in the presence of varying external magnetic field. Besides, although by construction the TKNN invariant is defined for the noninteracting system, it is well -known that the total AQHE conductivity is robust to the introduction of disorder and weak interactions. The representation of this conductivity as the topological invariant composed of the Green functions was proposed for the two dimensional system in [7, 8] (for more details see Chapter 21.2.1 in [12] , see also [9, 10, 11] ). Using this approach the interacting system may be considered: the full two -point Green function of the interacting system should be substituted to the corresponding expression. It is usually believed, that the higher order full Green functions do not give a contribution to the QHE although there is still no direct proof of this statement. Such topological invariants were further discussed in the series of papers (see, for example, [13, 14] and references therein). In [16, 15] the similar relation between Hall conductivity and the topological invariants composed of the Green functions was deduced for the three -dimensional systems with the AQHE (in particular, for the discovered recently Weyl semimetals [17, 18, 19, 20, 21, 22] ). The role of disorder in the QHE has been discussed within several different approaches (see [6, 23, 24, 25] and references therein). However, the introduction of disorder within the formalism of [7, 8, 12, 16, 15] remains problematic: the corresponding topological invariants formally describe the idealized systems without impurities, where the Hall current remains in the bulk. Disorder pushes the Hall current to the boundary. But its total amount integrated over all space remains given by the topological invariants discussed in [7, 8, 12, 16, 15] . In the present paper we will present the alternative proof of this conjecture for the case of the sufficiently weak disorder. Moreover, we extend the consideration of [16] from the AQHE to the case of the Quantum Hall Effect in the presence of arbitrarily varying external magnetic field. Technically its consideration is more complicated than that of the AQHE in periodic systems without external magnetic field because the two -point Green function G(p 1 , p 2 ) now depends on two momenta p 1 , p 2 instead of one unlike the case of the AQHE. We hope, that the topological invariants proposed in the present paper may become useful for the consideration of the models with essential inhomogeneity since they are composed of the Green functions and inherit the beautiful mathematical structure of the topological invariants of [7, 8, 12, 13, 14, 16] . It is worth mentioning that the Hall conductance is believed to be robust to the introduction of weak interactions while strong interactions may bring the system to the phase with the fractional QHE (see, for example, [25] ). Its consideration, however, remains out of the scope of the present paper. For the general review of the topological aspects of the QHE we refer to [6, 25, 26] and references therein.
We explore the Wigner -Weyl formalism [27, 28, 29, 30] developed in [16, 15] for the lattice models of condensed matter physics (as well as for the lattice regularized quantum field theory). For the ordered review of this formalism see [31] . We demonstrate that the Hall conductance integrated over the whole space is given by the topological invariant in phase space (that consists of both coordinates and momenta). This topological invariant is expressed through the Wigner transformation of the two -point Green functions. Its structure repeats that of the topological invariants discussed in [7, 8, 12, 13, 14, 16, 15] with the ordinary product substituted by the star product and the extra integration over the whole space added 2 . The value of our topological invariant responsible for the Hall conductance is not affected by the sufficiently weak disorder. We also find indications that it remains robust to the Electromagnetic interactions with sufficiently small effective coupling constant.
The paper is organized as follows. In Sect. 2 we introduce the notations that are useful for the investigation of various lattice models in momentum space. In Sect. 3 we recall the application of the Wigner -Weyl formalism to the lattice models proposed in [16, 15] . This formalism results, in particular, in the expression for the current of the AQHE through the topological invariants in momentum space. In Sect. 4 we present the extension of this result to the case of the lattice model in the presence of varying external magnetic field. Our main result is the expression for the QHE current through the topological invariant in phase space given in Eqs. (16) , (17) , (18) . In Sect. 5 we check the obtained results applying our expressions to the consideration of the problem with known solution -the QHE in the noninteracting system in the presence of constant external magnetic field. In Sections 2 -5 we consider the idealized systems without disorder and with the interactions neglected. In Sect. 6 we give the arguments that suggest that the introduction of weak disorder does not influence our expressions. Also in Sect. 6 we present the indications that weak electromagnetic interactions do not affect them as well. In Sect. 7 we end with the conclusions.
In Appendixes we accumulate various results used in the main text of the paper. The majority of those results are not original and were proved in the other publications. We feel this important to collect the derivation of those results in the Appendixes to our present paper for completeness.
The description of the tight -binding models in momentum space
Following [16, 15, 31] we start from the lattice tight -binding fermionic model with the partition function of the following form
Here D x,y is a matrix that depends on the discrete lattice coordinates x, y. Ψ,Ψ are the multi -component Grassmann -valued fields defined on the lattice sites. The corresponding indices are omitted here and below for brevity. Such a partition function may be rewritten in momentum space as follows
where integration is over the fields defined in momentum space M. |M| is its volume, D is the dimensionality of space -time,ψ and ψ are the anticommuting multi -component Grassmann variables defined in momentum space. Without loss of generality we assume that time is discretized, so that momentum space is compact, and its volume is finite. In condensed matter physics time typically is not discretized, the corresponding partition function may be obtained easily as the limit of Eq. (1) when the time spacing tends to zero. The partition function of Eq. (3) allows to describe the non -interacting fermion systems corresponding to matrix Q(p) (that is the Fourier transform of the lattice tight -binding matrix D xy ). The meaning of Q(p) for the lattice models of electrons in crystals is the inverse propagator of Bloch electron. The interactions are not taken into account at this stage. Their effect as well as the effect of disorder will be discussed later. Introduction of the external gauge field A(x) defined as a function of coordinates effectively leads to the Peierls substitution (see, for example, [16, 15, 31] ):
where the products of operators inside expression Q(p − A(i∂ p )) are symmetrized. We relate operatorQ = Q(p − A(i∂ p )) and its inverseĜ =Q −1 defined in Hilbert space H of functions (on M) with their matrix elements Q(p, q) and G(p, q) correspondingly:
Here the basis elements of H are normalized as p|q = δ (D) (p − q). Those operators obey the following equation
Eq. (3) may be rewritten as follows
while the Green function of Bloch electron is given by
Here indices a, b enumerate the components of the fermionic fields. In the following we will omit those indices for brevity.
Wigner -Weyl formalism for the lattice models
The Wigner transformation of G is defined as the Weyl symbol ofĜ: [16, 15] ) and Appendix H of the present paper:
that is
By x n we denote the lattice points. Although the lattice points are discrete, the differentiation over x n may be defined following [16, 15] because the functions of coordinates may be extended to their continuous values. Let us define the (Grassmann -valued) Wigner function as
We may also define the operatorŴ [ψ,ψ], whose matrix elements are equal to W (p, q) = p|Ŵ [ψ,ψ]|q . The functional trace of an operatorÛ is defined as
Then the partition function receives the form:
In the following by W W we denote the Weyl symbol ofŴ . In general case the calculation of the Weyl symbol Q W of an operatorQ = Q(p − A(i∂ p )) is a rather complicated problem. It has been solved in [31] for the particular case of lattice Wilson fermions. The result is represented in Appendix A. It follows from those results that if the field A is slowly varying, i.e. it almost does not vary on the distance of the order of the lattice spacing, we are able to substitute the sum over the lattice points by the integral, and take
. Of course, this refers not only to the lattice Wilson fermions, but to any lattice fermion model.
Equilibrium electric current
Variation of partition function gives the following expression for the average total current, i.e. the time average of the integral over the whole space of the electric current density (the derivation is given in Appendix B):
This expressions is the topological invariant, i.e. the total current is not changed when the system is modified continuously. In Appendix C we remind the reader the consideration of the anomalous QHE and represent the results obtained in [16, 15] . It appears that the response of the electric current to weak external field strength A ij = ∂ i A j − ∂ j A i is the topological invariant in momentum space. This invariant is composed of the one -particle Green function (that is the function of the only momentum p for A = 0). In the present paper we propose the generalization of this representation to the case, when in addition to the weak external field strength A ij there is the strong external field strength B ij = ∂ i B j − ∂ j B i . The former gives rise to the external electric field while the latter corresponds to strong essentially varying external magnetic field that provides the system with the gaps and the topological structure responsible for the QHE. In this situation the one -particle Green function at A = 0 depends on two momenta because of the presence of the field B(x). So, we discuss the case, when the fermions are in the presence of two Abelian gauge fields A i and B i .
Let us first consider the case of constant external field strength A ij and arbitrary field B(x). We are going to expand J in powers of A ij and to keep the linear term only. At the same time the field B(x) is taken into account completely. We start from
and define G W and G
W that obey
The Wigner transformed inverse propagator in the presence of external magnetic field (without external electric field) is Q (0)
Here
The direct check shows that in Eq. (10) the terms proportional to A (that do not contain the derivatives of A) cancel each other, so that the first relevant terms are proportional to ∂ i A j . We also may represent Eq. (10) as
Up to the terms linear in the derivatives of A we get:
This allows to rewrite
Up to the terms linear in A ij this equation receives the form
Its solution is
We rewrite Eq. (10) as follows:
and obtain:
The first term here is the equilibrium ground state current in the absence of electric field that according to the Bloch theorem vanishes (see [49] and references therein). It is worth mentioning that the general proof of this statement is absent in the framework of quantum field theory/condensed matter theory with relativistic spin -orbit interactions taken into account. We are aware of the clear proof of the Bloch theorem in the nonrelativistic quantum mechanics only. There may, in principle, be some marginal exclusions. However, we omit here consideration of such marginal cases and assume that the Bloch theorem in its conventional form is valid. In Appendix D we present the proof that the first term in Eq. (15) is the topological invariant, i.e. it is not changed when the system is modified smoothly. It complements the mentioned Bloch theorem and shows that this term remains constant (and is equal to zero according to the Bloch theorem) when the system is modified smoothly. Anyway, this term cannot contribute to the electric current of the QHE because it does not contain external electric field. For D = 4 the second term in this expression may be rewritten as
where V is the spacial volumn of the system. It is worth mentioning, that in the present paper the star product of several functions f 1 (p, x), f 2 (p, x), ..., f n (p, x) should be understood as
Here each operation * acts within the nearest brackets only, that is the derivatives entering the star act only within those brackets. At the same time the property [[
(the proof is given in Appendix H) allows to move the brackets within the multiple products, and to write the product without brackets at all. For the two -dimensional systems (D = 3) we have:
where S is the area of the system. Here M is the topological invariant in phase space
The proof that Eq. (18) is indeed the topological invariant is given in Appendix D. In the similar way it may be proved that Eq. (16) represents the topological invariant. As it was mentioned above, for the validity of Eqs. (18) and (16) we need slowly varying potentials A(x). This gives the two conditions: the magnitude of the external magnetic field is much smaller than thousands of Tesla, and the wavelength is much larger than the interatomic distance.
The alternative derivation of Hall conductivity for the case of constant magnetic field
Eqs. (16) and (18) consist the main result of our paper. It is worth mentioning that although we derived those expressions for lattice models, they remain valid for the continuous models as well. Notice, that Eq. (18) may be reduced to the TKNN invariant for the case of the electrons in crystals without interactions and with Q(p) = iω − H(p x , p y ), where H is the one -particle Hamiltonian. This occurs if either there is no external magnetic field or if it is constant. The case of continuum model (say, with
) in the presence of constant magnetic field B (orthogonal to the plane of the given 2D system) is the simplest case, when Eq. (18) is not reduced to the TKNN invariant. Below we illustrate our result by the consideration of such a system.
We choose the gauge, in which the gauge potential is
External electric field E y corresponding to the gauge potential A is directed along the axis y. The above derived expressions give the following expression for the electric current averaged over the area of the system:
Here the average Hall conductivity is given by σ xy = −N /2π (recall that j x = −σ xy E y ) while N = iM is the following topological invariant in phase space
For the practical calculations in the given particular case it is more useful to represent this expression in terms of the Green function written in momentum representation:
This representation has been deduced from Eq. (20) in Appendix E. There also the transformation of Eq. (21) to the following form has been derived:
By operatorx we understand i∂ p acting on the the wavefunction written in momentum representation:
Eq. (22) (divided by 2π) is the standard expression for the Hall conductance that follows from Kubo formula. For completeness we present the derivation of Eq. (22) from the Kubo formula in Appendix F (see also [25, 33] ). The further calculation of Hall conductance using Eq. (22) is also standard (see, for example, [32] ). We give it in Appendix G. The result reads
while N is the number of the occupied branches of spectrum. This way we came to the conventional expression for the Hall resistivity of a system of electrons with charge −|e| in the presence of constant magnetic field B = −|e|B z (directed along the z axis) and constant electric field:
Here we restore the conventional units with = 1. Recall, that the resistivity tensor is related to the conductivity tensor as follows:
Introduction of disorder and weak interactions
Let us discuss briefly the quantum Hall effect in the presence of disorder. The total electric current integrated over the volume/area of the system remains the same as without impurities. Here we present the arguments in favor of this statement based on the considered above Wigner -Weyl formalism.
We consider the case of variable external field strength A 0j corresponding to electric field E, and nonzero field B(x) corresponding to a magnetic field. D − 1 dimensional space of the given system is divided by a plane/line into two equal half -infinite pieces. In one of those two pieces R 
The total current (i.e. the current density integrated over the volume of the system) is given by
and is equal to the sum of electric current in the first piece R D − of the system J k constant and the total electric current in the disordered piece R D + : J k disordered . Notice, that Eq. (24) works as long as the fields A(x), B(x) do not vary too fast, i.e. when their variations on the distances of the order of lattice spacing may be neglected. For the external magnetic field this results in two bounds: its magnitude is much smaller than about 1000 Tesla while its wavelength is much larger than several Angstroms. Electric potential should also not vary fast, and its variation is to be neglected on the distances of the order of lattice spacing. The electric potential of impurities typically satisfies this requirement. In the absence of screening we deal with the long -range Coulomb potential. The typical change of this potential on the distance of one lattice spacing may be neglected. The Debye screening introduces a correlation length that remains much larger than the interatomic distance.
We consider the total electric current as the sum Eq. (25) of the currents at y < 0 and at y > 0. At y < 0 (in R D − ) we deal with the system in the presence of constant electric field, no impurities. In systems without disorder there is the duality between the description of the IQHE in the bulk and along the boundary (see for example, [39] ). Namely, we may calculate the total bulk Hall current, and it will be equal precisely to the total boundary Hall current provided that the voltage is not strong enough. The bulk current density may be calculated as if there is no boundary at all. Now the system at y < 0 does not have disorder, but it also does not have an ordinary boundary at y = 0. As a result one calculates the total Hall current in it through the bulk expression. It is distributed homogeneously, and therefore one may neglect possible change in the current density close to the line y = 0.
At y > 0 the situation is drastically different. The disorder pushes the current density from the bulk. In principle at very weak disorder the part of the Hall current density may remain in the bulk. But the sufficiently strong disorder eliminates this part completely. The whole current density of the second piece of the system will be concentrated along the line y = 0 and along the distant boundary at y = +L → +∞.
Let us take for simplicity the two dimensional system. The consideration of the three -dimensional system is similar. As it was mentioned above, considering the piece of space with constant electric field we may neglect boundary effects, and obtain
where N is given by Eq. (21) with the integral over the corresponding half of space. V is its volume. Eq. (26) is the linear response to external electric field that remains valid since at y < 0 there is no disorder. The key point is that Eq. (24) (that is the sum of currents at y < 0 and y > 0) is the topological invariant. This allows us to relate the total current at y > 0 to the external electric field without consideration of the linear response in this region. Since Eq. (24) is the topological invariant, we may change smoothly the external electric field, and the value of Eq. (24) will not be changed. This way we may turn off completely the electric field. At vanishing electric field the Hall current is absent. This proves that Eq. (24) gives vanishing total current. As a result, when the electric field is on, the sum of the currents at y < 0 and y > 0 is zero. We come to the following expression for the electric current in the disordered piece of space R D + :
Here N is given by Eq. the linear response to the total electric field including the electric field created by impurities. This is the response to the external constant electric field.
These simple considerations give strong arguments in favor of the statement that although due to disorder the local current density may be concentrated to a large extent close to the boundary, the total integrated value of Hall conductivity remains the same as without disorder and is given by the topological invariant in phase space defined above. For the more detailed discussion of the role of disorder see [6, 23, 24, 25] and references therein.
Finally, let us discuss briefly the role of interactions. As an example let is consider exchange by virtual photons in the three -dimensional systems. They may be taken into account as the fluctuations δA of the gauge field A within Euclidean theory. Let us explore here the following hypothesis: at the sufficiently weak α (effective fine structure constant in medium) we are able to integrate in the functional integral only over the weak configurations of δA, which may be considered on the same grounds as the weak disorder in the above Eq. (27). The electric current is then given by
where M is given by Eq. (16) while V is the total volume of the system, β = 1/T . (We assume the limit of large V and β.) S[δA] is the effective action in medium for the dynamical photon field δA. The integration measure DδA is chosen in such a way that DδAe −S[δA] = 1. Without loss of generality we may assume, that the periodical boundary conditions are applied to A. This gives
Thus modulo the above assumption about the smallness and smoothness of δA in the functional integral, the exchange by virtual photons does not affect Hall conductance. The consideration of the other interactions like the phonon exchange is more complicated and requires modification of the above formalism. This remains out of the scope of the present paper. We refer here to the previous studies of the role of interactions in the Quantum Hall Effect: [40, 41, 42, 43, 44, 45, 46, 47] . The role of interactions in the intrinsic Anomalous Quantum Hall effect has been discussed in [48] .
Conclusions
In the present paper we derive the representation of Hall conductivity as the topological invariant in phase space composed of the Wigner transformed Green functions. Our main result is given by the following expressions for the average Hall current (i.e. the current density integrated over the whole volume divided by this volume and averaged with respect to time) in the presence of the external electric field E i :
for the 3 + 1D system (here V is the overall volume), and
for the 2 + 1 D system (here S is the area of the system). Those expressions may be used both for the description of the intrinsic AQHE and for the description of the QHE in the presence of magnetic field. These expressions represent the average conductivity and are robust to the introduction of weak disorder.
More explicitly, when a certain measure of disorder η is increased smoothly starting from zero, the average Hall conductivity is not changed until a phase transition. Direct definition of η, and establishing of its critical value remains out of the scope of the present paper. We also find indications that the total conductance is robust to the introduction of weak electromagnetic interactions. The mathematical structure of Eqs. (30) , (31) repeats that of the topological invariants discussed in [12] with the ordinary product of matrices substituted by the star (Moyal) product of Wigner -Weyl formalism.
The main advantage of the obtained expressions for the average conductivity is that they are written in terms of the Green functions. We present strong arguments in favor of the point of view that disorder does not affect those expressions while the only effect of (weak) interactions is the modification of those two -point Green functions -we should substitute the ones of the interacting system. Earlier this result has been obtained for the homogeneous systems (see [7, 8, 12, 16] ) like the ones with the AQHE. Here it is extended to the inhomogeneous system in the presence of the arbitrarily varying magnetic field. Our formulas allow to show, in particular, that the average Hall conductivity is not changed when this magnetic field is modified smoothly (unless the topological phase transition is encountered). Therefore, the calculation of Hall conductance for the complicated configuration of magnetic field may be reduced to that of the more simple magnetic field profile.
It is worth mentioning, that the Coulomb interactions in the case of sufficiently pure systems give rise to the fractional version of the QHE, which is out of the scope of the present paper. However, we expect, that the Wigner -Weyl formalism may be relevant for its description as well (see, e.g. [52, 53] ).
The approach of [16] has been applied also for the investigation of the other non -dissipative currents (for the review see [34, 35] ). In this way the Chiral Separation Effect [36] , the Chiral Vortical Effect [37] , and the Chiral Torsional Effect [38] were related to the topological invariants. The methodology of the present paper may also be extended to those non -dissipative transport effects for the non -homogeneous systems, i.e. the systems with the arbitrarily varying magnetic field, rotation velocity, emergent torsion correspondingly. Finally, we would like to mention that another formulations of Wigner -Weyl formalism in lattice models have been proposed by various authors (see, for example, [54, 55, 56, 57] and references therein).
The authors are grateful to M.Suleymanov and Chunxu Zhang for useful discussions, and to I.Fialkovsky for careful reading of the manuscript and useful comments.
Appendix A. Weyl symbol of Wilson Dirac operator
In [31] the Weyl symbol ofQ = Q(p − A(i∂ p )) (for the field A(x) that varies slowly, i.e. if its variation at the distance of the order of lattice spacing is negligible) was calculated for the case of the so -called Wilson fermions (in four space -time dimensions) witĥ
where γ k are Euclidean 4 × 4 Gamma -matrices. The corresponding spinors are four -component. Functions g k and m are given by
We obtain
where A is the following transformation of electromagnetic field:
while the original electromagnetic field had the form:
In coordinate space we have
where
One may check via the direct substitution, that
where e (j) is the unity vector in the j -th direction:
Therefore, in coordinate space we have
Here coordinates x n are taken in lattice units, in which the lattice spacing is equal to unity. Since the field A is slowly varying, i.e. it almost does not vary on the distance of the order of the lattice spacing, in practical calculations we may substitute to our expressions A instead of A. For the real solid state systems the meaning of the slow variation of A is that the magnitude of the external magnetic field is much smaller than thousands of Tesla (the condition that is always fulfilled in practise), and that the wavelength of the external field is much smaller than the lattice spacing. The latter condition corresponds to the wavelengths much larger than several Angstroms, i.e. the above expression for the Weyl symbol (and its extensions to more realistic lattices) cannot not be valid for matter interacting with the X rays.
Appendix B. Electric current expressed through the Wigner transformed Green function
Here we present the proof of the expression for the electric current in the considered lattice model. A slightly different derivation of this expression may be found in [16] . Let us consider the variation of the partition function
The total average current (i.e. the current density integrated over the whole volume of the system) appears as the response to the variation of A that does not depend on coordinates:
The properties of the star product allow to rewrite the last equation in the following way:
The last three expressions for the total current are the topological invariants, i.e. the total current is not changed when the system is modified continuously. This may be checked via the consideration of the variation of Eq. (41) corresponding to the variation of Q.
Appendix C. Anomalous QHE. Factorization of topological invariants
Let us consider the case, when the fermions are in the presence of Abelian gauge field A i . Let us then expand the expression for the electric current density j k (the average is understood as an integral over the fermion field) in powers of the external field strength A ij of A i and its derivatives. Next, if the coefficient in front of the field strength A ij does not depend on coordinates, then this coefficient is in itself the topological invariant because the integral d D xA ij is not changed, when the gauge potential A is modified smoothly in a finite region of space:
Here δA → 0 at infinity. This way for D = 3 we come to the following result for the part of the current proportional to A ij :
Tensor M ijk is the topological invariant in momentum space, which was calculated in [16] . The obtained result is
For D = 4 we obtain
Here G(p) is the one -particle Green function of the system without external electric field. It depends on the conserved momentum p. This expression has been used in [16] in order to derive the expression for the AQHE in certain topological insulators. The result is expressed through the vectors of the reciprocal lattice.
(It also has been obtained earlier in [50] using another method.)
Appendix D. Topological invariant in phase space
In [16] the proof that Eq. (44) is the topological invariant was presented. Here we extend this proof to the case of the topological invariant in phase space discussed in the main text of the present paper. Let us first give the proof for the simplest case of the first term in Eq. (15) . We denote it J (0) . Let us consider an arbitrary variation of the Green function: G → G + δG. Then using Eq. (72), Eq. (75), and Eq. (76) we obtain
The last step follows because of the compactness of p space. Similarly the expression for M of the main text is changed as follows:
The exterior differentiation is defined here as usual antisymmetric differentiation, which is not affected by the ⋆ product:
.. ⋆ ∂C W ∂p ρ dp µ ∧ dp ν ∧ ... ∧ dp ρ (47)
Appendix E. Ordinary Quantum Hall effect in the 2D noninteracting system with a oneparticle Hamiltonian
Here we discuss the Hall conductance that according to the main text is given by σ xy = N /2π where N is the topological invariant in phase space
Our aim is to derive starting from Eq. (48) the following representation for N in terms of the Green function written in momentum representation:
In order to derive this representation we first represent ∂ p i G W as follows:
, where we used
We denote
Next we can compute
Using the associativity of * -product, similarly we have
Integrating over x and P , inserting the completeness relation 1 =
we transform the expression for N into the form of Eq. (49) .
Our next purpose is to bring Eq. (49) to the conventional expression for the Hall conductance in the case, when the non -interacting charged fermions with Hamiltonian H(p x , p y ) are in the presence of constant external magnetic field B orthogonal to the plane of the given 2D system. We use the gauge, in which the gauge potential is B x = 0, B y = Bx .
External electric field E y corresponding to the gauge potential A is directed along the axis y. Function Q(p (1) , p (2) ) in momentum space has the form:
where p = (p 1 , p 2 , p 3 ) = (p, ω). At the same time
This way we obtain:
A=0
.
One may represent [∂ p (1) .
Then, for example,x i δ(q − p) = p|x i |q = i∂ p p|q = i∂ p δ(p − q) = −i∂ q p|q . Therefore, we can writex
Notice, that the sign minus here is counter -intuitive because the operatorx is typically associated with +i∂ p . We should remember, however, that with this latter representation the derivative acts on p in the bra -vector p| rather than on p in |p . Above we have shown that the sign is changed when the derivative is transmitted to p of |p .
Thus we have
The last expression is just the conventional expression for the Hall conductance (multiplied by 2π) for the given system [25] .
Appendix F. Hall conductance in the 2 + 1 D systems from the Kubo formula
According to our previous considerations, in the particular case, when the external gauge field A represents constant electric field E k , we get A 3k = −iE k . Therefore, Eq. (53) reads
Here N is the topological invariant in phase space
Above we demonstrated that this expression is reduced to Eq. (52) . Here for completeness we present the standard derivation of Eq. (52) . We will use the Kubo formula for Hall conductance (see, for example, [25] ). Let us start from the consideration of one fermionic particle that may occupy the states enumerated by numbers n = 0, 1, .... We have
HereĴ
is the total electric current in the Heisenberg picture, while V (t) is the time evolution operator. Averaging is over the the occupied state |0 . Substituting it into the Kubo formula of Eq. (55), inserting a complete set of energy eigenstates, we get
where we write J i = J i (0) for simplicity, and the n = 0 term vanishes. E n is the energy of state |n . Next we integrate over time, and get
To get the limit ω → 0 corresponding to constant background field, we expand the above expression in powers of ω
For the Hall effect σ xy = −σ yx , which leads to vanishing of the first order term. In the second order, the Hall conductance becomes
Electric current may be written asĴ
Thus the Hall conductance of this quantum -mechanical system may be written as
This equation represents the result of the second order in the perturbation expansion that corresponds to the transition between the states: from |0 to |n , and back from |n to |0 . The next step is the consideration of the second quantized system. Fermi statistics provides, that in vacuum all one particle states with energy (counted from the Fermi level) E k < 0 are occupied. The Hall conductance in the second order of perturbation theory is given by the contributions of the transitions from the occupied one -particle states to the vacant ones and the corresponding returns. The final answer reads:
This expression gives rise to the Hall conductance of the form σ yx = N /2π where N is the topological invariant given by Eq. (52) . The latter expression, in turn, was derived from the phase space topological invariant of Eq. (54) . Thus the consideration of the present section gives an alternative proof of Eq. (54) in the given particular case.
Appendix G. Calculation of the Hall conductance for the noninteracting 2D system in the presence of constant magnetic field
The average Hall conductivity may be represented as N /(2π), where
Following [32] (see also [51] ) in order to calculate the value of N we decompose the coordinates x 1 = x, x 2 = y as follows:x 
Momentum p y is a good quantum number, and it enumerates the eigenstates of the Hamiltonian:
H|n = H(p x , p y − Bx)|p y , m = E m (p y )|p y , m , m ∈ Z .
We assume that the size of the system is L × L. This gives SN = −(2π) m dp y L 2π
x = p y /B plays the role of the center of orbit, and this center should belong to the interval (−L/2, L/2). This gives
where N is the number of the occupied branches of spectrum. This way we came to the conventional expression for the Hall conductance of the fermionic system in the presence of constant magnetic field and constant electric field.
varies slowly, i.e. if its variation on the distance of the order of lattice spacing may be neglected. This occurs for the magnitudes of external magnetic field much smaller than thousands Tesla, and for the wavelengths much larger than 1 Angstrom. One has
Thus we have 
The Leibnitz product rule is valid for the Weyl symbols of considered operators. Let d be a differentiation operator d = dx µ ∂ ∂x µ + dp µ ∂ ∂pµ , then
The proof is straightforward. First, notice that
Then we expand the star
From the Leibnitz product rule and the Groenewold equation we derive
Since the Weyl symbols of the considered operators vary slowly as functions of coordinates, we may change everywhere the sum over the lattice points x to the integral over x. Under this condition it follows from the definition of the Weyl symbol of an operator that
The integral of a Moyal product over phase space has the following commutativity property
We prove it as follows
